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KibbleÕs paperi on Gravity as a Space-Time Symmetry Local Gauge Theory 
 
UtiyamaÕs paperii was incomplete. He only locally gauged the 6-parameter Lorentz group 
and, therefore, had to put in the translational general coordinate transformations of 
Diff(4) by hand. Kibble corrects this by locally gauging the entire 10-parameter Poincare 
group ending up not only with EinsteinÕs 1915 gravity as curvature field, but also an 
independent torsion field. 
 
 
Yang-Mills Global Internal Symmetry Gauge Transformations of Lie Group G 
 
Start with a set of classical source fields ! A x( )  in zero gravity globally flat Minkowski 

space-time. The source field Lagrangian density is L ! x( )," µ ! x( )( ) .  The notation x  

means an Einstein Òlocal coincidenceÓ or Òmicro-scatteringÓ in the sense of his 1917 
solution of the ÒHole ProblemÓ for active diffeomorphisms.  I do not mean by Òx Ó a 
formal bare manifold point.  The Diff(4) orbits of the bare manifold points are factored 
out and we are in the coset space with Diff(4) as the equivalence relation eliminating the 
spurious variables of redundant gauge freedom.  Therefore, we are able to deal with 
covariant local observables. Make the infinitesimal linear transformation 
 
 ! " = #aTa"  (1.1) 
 
with Lie algebra 
 
 Ta,Tb[ ] = fab

cTc  (1.2) 
 
The critical point of the invariantiii dynamical action, corresponding to constructive 
interference of Feynman path quantum amplitudes, is the vanishing functional derivative 
! S ! ...of the action, i.e. 
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NoetherÕs theorem gives the local current density Ja

µ x( )  conservation laws 
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Local Gauge Transformations 
 
The above infinitesimal phase parameters ! a  conjugate to the ÒchargesÓ Ta  are rigid 
globally fixed constants over the entire Minkowski flat space-time.  Our next step is to 
make these phases arbitrary local functions of the objective local events, i.e. EinsteinÕs 
Òlocal coincidencesÓ, which reduce to macroscopic pointer readings also used in quantum 
measurement theory.  We momentarily lose the global gauge invariance because now 
 

 
! " µ #( ) = $aTa# + " µ$

a( )Ta#

! L = % " µ$
a( )Ja

µ & 0
 (1.5) 

 
We restore the lost symmetry to the action by introducing the partial gauge-covariant 
derivative 
 
 Dµ = !µ + Aµ

aTa  (1.6) 

 
in order that 
 
 ! Dµ " x( ) = #a x( )TaDµ " x( )  (1.7) 

 
That is, the partial gauge-covariant derivative of the scalariv source field ! x( )  is a first-
rank tensor relative to the internal gauge group G.  The connection gauge potentials 
Aµ

a x( )  do not form a homogeneous internal symmetry G-tensor, but transforms 

inhomogeneously as 
 
 ! Aµ

a = " b fbc
aAµ

c # $µ"
a  (1.8) 

 
The conserved G-covariant internal current densities are 
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 Dµ J 'a

µ = ! µ J 'a
µ " Aµ

b fba
c J 'c

µ = 0  (1.10) 

 
These compensating connection potentials Aµ

a x( ) , that restore the gauge symmetry 

! L ' = 0 in the larger system L ' ! ,A( ) , form a set of Cartan 1-forms 
 
 Aa x( ) = Aµ

a x( )dxµ  (1.11) 
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Furthermore, we have the local Minkowski space-time gauge invariant 1-form 
 

 A x( ) = Aa x( )d! a x( )
Fiber _ Loop

"  (1.12) 

 
where d! a x( )  is a local basis of dual co-forms in internal fiber space. The scalar product 
loop integral is in fiber space at fixed x . It is not a loop in Minkowski space-time, which 
is the base space of a fiber bundle. The exterior gauge-covariant derivative is 
symbolically 
 
 D = d + A !  (1.13) 
 
The internal curvature 2-form is   
 

 
Fa = DAa = dAa + A ! A( )a

A ! A( )a " fbc
aAb ! Ac

 (1.14) 

 
The G-tensor components of this 2-form are 
 
 Fµ!

a " #! Aµ
a $ #µ A!

a $ fbc
aAµ

bA!
c  (1.15) 

 
where 
 
 Dµ ,D!"# $%& ' Dµ D! ( D! Dµ( )& = Fµ!

a Ta&  (1.16) 

 
The curvature 2-form is a G-tensor 
 
 !Fµ"

a = #
b
fbc
a
Fµ"
c  (1.17) 

 
The Bianchi cyclic identity is 
 

 
DFa = D2Aa = 0

D! Fµ"
a + DµF" !

a + D" F! µ
a = 0

 (1.18) 

 
The simplest gauge-invariant Lagrangian density for this compensating field is 
 

 L0 = !
1
4

Fµ"
a Fa

µ"  (1.19) 

 
The internal group space metric is 
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 gab = fad
e feb

d  (1.20) 
 
The source equation is 
 

 

D * F = *J

*Fµ!
a = F
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 (1.21) 

Current conservation is 
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The last equation above is the current of the compensating gauge field that can carry the 
charge of the source when G is non-Abelian.  That is not the case for the photon where G 
= U(1) ~ S1.  That is 
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 (1.23) 

 
Global space-time symmetries 
 
We now make infinitesimal globally rigid linear transformations of both Òlocal 
coincidencesÓ and the source fields.  
 

 

 

xµ ! x'µ ~ xµ + "xµ

xµ
! "xµ

#Source x( )! # 'Source x'( ) ~ #Source x( ) + "#Source x( )

 (1.24) 

 
The source field Lagrangian density may depend on x explicitly. Therefore, 
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Note that ! L ! xµ is at fixed source field ! . The variation of the source field at a fixed x 
is 
 
 ! 0" x( ) # " ' x( ) $ " x( ) = ! " $ ! xµ%µ "  (1.26) 

 
Furthermore, 
 
 ! " µ # = " µ ! #( ) $ " µ ! x%( )" %#  (1.27) 

 
therefore 
 
 ! 0" µ = " µ! 0  (1.28) 

 
The global dynamical classical action integral over space-time region !  transforms 
under the simultaneous internal and space-time infinitesimal transformations as 
 

 S !( ) " L x( )
!
# d

4
x $ S ' !( ) " L ' x '( )

!
# %&x 'µ d

4
x  (1.29) 

 
where ! " x'µ is the Jacobian matrix of the infinitesimal point coincidence transformation 

in the base space-time of the internal symmetry fiber bundle. The action principle critical 
point, using the previous section result for the purely internal transformation ! L  is 
obviously by the product rule of high school introductory calculus 
 
 !L + L"µ!xµ = !0L + "µ L!xµ( ) = 0  (1.30) 

 
Now we go to the 10-parameter Poincare group. There are 4 infinitesimal translation real 
parameters ! µ and 6 real antisymmetric parameters ! µ" = #! " µ . 
 
The 10 real parameter point-coincidence transformation in the base space-time of the 
fiber bundle is 
 
 ! xµ = "#

µ
x

# + " µ  (1.31) 
 
The fiber transformation of the source field at a fixed point coincidence is the 6 real 
parameter induced Lorentz subgroup map 
 

 ! " =
1
2

#
$%

&
'(

) µ* Sµ* "  (1.32) 
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where the antisymmetricSµ!  generators are in a representation of the Lie algebra 

appropriate to the source field that, in general, is a column or dual row matrix with 
components whose indices we have suppressed for pedantic simplicity.  The full Lie 
algebra of the Poincare group from Julian Schwinger is given in an appendix below.  The 
10 Euler-Lagrange equations of motion are: first, the 4 translational vanishing critical 
point functional derivatives with respect to the translational subgroup T(4) 
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second, the 6 vanishing Lorentz space-time rotated functional derivatives 
 

 
!L
!" #$ %

!L
!&

'
()

*
+,

S#$ & +
!L
!-µ&

'

(
)

*

+
, S#$ -µ& +.µ#-$ & /.µ$-#&( ) = 0  (1.34) 

 
NoetherÕs theorem gives the, in this space-time case, 10 local conservation laws for 
stress-energy current densities in this still globally flat Minkowski metric ! µ"  without 

any gravity, and without any rest mass inertia of particles if the spirit of the equivalence 
principle is correct that there is no inertia without gravity. Gravity and inertia go together 
like a horse and carriage or like love and marriage Ð at least in the ÒGood Old DaysÓ gone 
bye.  We have the 4 translational currents locally conserved in 
 
 ! µT"

µ Source( ) = 0 (1.35) 

 
This is local conservation of the source field energy and momentum current densities. 
 
The 6 four-D rotational (angular momentum) source field current densities are locally 
conserved in 
 
 ! µ S" #

µ $ x" T#
µ + x#T"

µ( ) = 0  (1.36) 

 
The symmetric source stress-energy density Poincare group tensor is 
 

 T!
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The source field angular momentum field Poincare group tensor is 
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The internal symmetry ÒchargesÓ Ta  are analogous to the space-time symmetry 
generators ! " µ & S#$ + x#" $ ! x$ " # . The second set of 6 Lorentz generators for the 

space-time rotations is the sum of the ÒspinÓ S!"  about the center of mass of an extended 

object plus itÕs orbital angular momentum relative to some arbitrary origin. 
 
Local gauging of the Poincare group 
 
The 10, formerly global constant, phase parameters ! µ & ! µ"  are now arbitrary functions 
! µ x( )& ! µ" x( )  of EinsteinÕs invariant Òlocal coincidencesÓ described by active 
diffeomorphisms. The Diff(4) orbits (equivalence classes mod Diff(4)) are factored out in 
the physical coset space. 
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 (1.39) 

 
Kibble uses Latin indices i,j for local Lorentz rotations to emphasize their analogy with 
the internal fiber transformations since the former are in the separate tangent space fiber. 
Utiyama only worked in the tangent space fiber, consequently, his results were 
incomplete because the explicit local gauging of the rigid translation group T4 ! Diff (4)  
into the locally mutable Diff(4) group, attached to the invariant Einstein Òlocal 
coincidences,Ó was omitted. 
 
“Evidently the four functions !µ x( )  specify a general coordinate transformation.” 
Kibble, p. 215 
 
Notational issues and key transformations 
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with translation and space-time rotation source ÒmatterÓ field current densities 
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Including the local T4 gauge term 
 

 

! L + L" µ! xµ

#

! L ' = 0

 (1.42) 

 
Introduce the Lagrangian invariant density L ' ! " '  
 
 ! " '+ #µ$

µ" ' = 0 (1.43) 

 
Define the Lorentzian rotational partial derivative of the source field as ! ;k  that 
transforms as 
 

 ! " ;k #
1
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$
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" ;k + *

k

i " ;i  (1.44) 

 
40 compensating space-time local gauge potential components must be introduced to 
obey the action Lagrangian invariance ! L ' = 0. 24 of them are in the Òspin-connectionÓ 
for the 6 local space-time rotations Aµ

ij x( ) = ! Aµ
ji x( ) , the remaining 16 are the Òtetrad 

fieldÓ components for the 4 local translationshk
µ x( ) .  The covariant spin-connection 

partial derivative of the source field is 
 
 !

|µ " !
;µ + Aµ

ijSij !  (1.45) 

 
with the imposed constraint 
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1
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#
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-( ) " |-  (1.46) 

 
that implies the following spin-connection transformation 
 
 ! Aµ

ij = " k
i
Aµ
kj + " k

j
Aµ
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&
A&
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ij  (1.47) 

 
 ! ;k " hk

µ ! |µ  (1.48) 

 
 !hk
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µhk
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i hi

µ  (1.49) 
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The 16 tetrad components are independent of the 24 spin-connection components 
forming the torsion field in this method of locally gauging all 4 + 6 parameters of the 
Poincare group.  Not so in EinsteinÕs original 1915 theory in which, in effect, only the 4 
parameters of the translation subgroup T4 are locally gauged. In that case, the 24 spin 
connection components are determined completely by the 16 tetrad components and their 
first partial derivatives. In EinsteinÕs theory there is no independent dynamical torsion 
field, consequently the 24 spin-connection components are ÒdummyÓ redundant 
parameters. Of course, the modern idea of local gauging was apparently not known to 
Einstein in the period 1905-1915 and that is not how he consciously developed General 
Relativity out of Special Relativity plus the Equivalence Principle and the then relatively 
new mathematics of tensors.  
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 ! ' " ,#µ " ,hk

µ ,Aµ
ij( ) = $ L ' " , " ;k( )  (1.51) 

 
The tidal geodesic deviation curvature tensor is determined from the 24 spin-connection 
components 
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However, in EinsteinÕs theory these 24 components are redundant determined from the 
16 tetrads and their first partial derivatives. In the presence of an independent torsion 
field, on the other hand, there will be a new piece of the curvature determined by the 
torsion field that is missing in EinsteinÕs theory.  On the other hand, in UtiyamaÕs theory 
the 6-parameters of the space-time rotations was locally gauged. Therefore, UtiyamaÕs 
theory only gave that part of the curvature from the real torsion field. Therefore, 
UtiyamaÕs theory was not equivalent to EinsteinÕs.  The cyclic Bianchi identity is obeyed 
here of course. 
 
The Free Gravity plus Torsion Fields 
 
We now use the more familiar space-time covariant derivative 
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The free Lagrangian L0  for the compensating gauge potentials that are the gravity plus 
torsion fields, the free Lagrangian density in the absence of matter source fields ! is 
 

 ! 0 = " L0 =
1
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2det hk
µ( ) R (1.54) 

 
Euler-Lagrange field equations of motion including the torsion field in Ckl

i vare 
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 (1.55) 

 
The torsion field current conservation is 
 

 

!µ "ij

µ +#ij

µ( ) = 0

#ij

µ $ %2
&'0

&Aµ
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 (1.56) 

 
! ij

µ  is the Òspin densityÓ of the matter source field.  The relation to orbital angular 

momentum is not apparent in this formula, but will be in others.  Similarly, for the 
translational currents  
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We do not discuss the still controversial ambiguity in the non-covariant pseudo-tensors 
!ij

µ
& " µ

k  for the spin-density and the stress-energy density of the pure gravity field 

Lagrangian ! 0 here. Note that in vacuum Tµ

k
+ ! µ

k
= 0, so that (1.47) is trivial in that case. 

 
The Ricci coefficients of rotation are what we have left of the spin-connection when the 
torsion field is zero. This is the case in EinsteinÕs original 1915 theory of gravity from 
curvature without torsion. In that case the Ricci coefficients are completely determined 
from the T4 tetrads as 
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 (1.58) 

 
Eq. (158) is equivalent to the Cartan form equation 
 

 

Aij = ! * dBi " 1! B( )
j( )

hi # hµ

i dxµ # 1i + Bi

1i # $µ

i dxµ = dxi

Bi = Bµ

i dxµ

B # Bi%i

 (1.59) 

 
Recall that 
 

 S! "
µ # $

%L
%&µ '

S! " '  (1.60) 

 
Remember that gravity must be universal for all conceivable source fields. We need a 
derivative of the source field that is both space-time and internal symmetry covariant, i.e. 
covariant under all the symmetry groups. This is 
 

 ! ;k " hk
µ #µ +

1
2

$
%&

'
()

Aµ
ijSij + Aµ

aTa

$
%&

'
()

!  (1.61) 

 
The covariant curl or commutator of the source field ! ;kl " ! ;lk  contains the extra internal 

symmetry part Fkj
aTa!  where the derivatives of Aµ

a  in the definition of Fkj
a  are ordinary 

flat space-time partial derivatives not the space-time covariant derivatives because 
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 Fkl
a = hk

µhl
!Fµ!

a  (1.62) 

 
With a real dynamical torsion field, the affine connection has an antisymmetric piece not 
found in EinsteinÕs 1915 theory of gravity, which so far passes all the tests in 21st 
Century Precision Cosmology of w = -1 zero point dark energy without torsion fields 
needed on the very large scale of cosmological observations like in the Type 1a 
supernovae. 
 
Geometrical Interpretation 
 
The ! µ transformation are Diff(4) General Coordinate Transformations (GCT) for the 

base curved space-time under which the tetrad hk
µ  is a first rank contravariant index the 

upper Greek case and is a first rank covariant tensor under the Lorentz group of space-
time (ÒvierbeinÓ, i.e. ÒtetradÓ) rotations in the tangent fiber with the lower Latin case 
indices.  Its inverse tetrad bµ

k  and the spin-connection components Aµ
ik  are first rank 

covariant tensors under Diff(4) and antisymmetric contravariant tensors under the 
Lorentz group etc. EinsteinÕs metric tensor field is 
 

 
gµ

! = bµ
kbk

!

gµ! = bµ
i " ijb!

j
 (1.63) 

 
This covariant second-rank Diff(4) tensor of the base curved space-time in the bottom 
line is a scalar invariant under the antisymmetric Lorentz space-time rotations ! ij in the 

tangent fiber.  The scalar density is ! = " det gµ#( ) . 

 
The Diff(4) transformations connect locally coincident  Local Non-Inertial Frames, AKA 
ÒLNIFÓ that are on timelike non-geodesics under the influence of non-gravity forces, or 
whose centers of mass are on timelike geodesics but are rotating relative to their centers 
of mass. The local Lorentz rotations and boosts connect locally coincident Local Inertial 
Frames,AKA ÒLIFsÓ, that do not rotate and whose centers of mass are on timelike 
geodesics.  The tetrad components connect locally coincident LIFs with LNIFs. These are 
all active Diffeomorphisms with the orbits of equivalent curved manifold points factored 
out in the sense of EinsteinÕs final solution of the ÒHole ProblemÓ in 1917. 
 
The ÒmatterÓ (EinsteinÕs ÒwoodÓ) source field ! decomposes into local tensors and 

spinors. The spin-connection components Ajµ
i are called ÒRicci rotation coefficientsÓ in 

the 1915 GR limit of zero independent dynamical torsion where the six ! ij phases are not 
made into arbitrary independent functions, but are completely determined from the 
T4 !

bµ
i

Diff 4( ) local gauging of the four translation phases ! µ
" !

µ x( )  with the Lorentz 

subgroup of the Poincare group not locally gauged.   
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The spin-connection coefficients form the Òaffine connectionÓ in the most general case 
where all ten phases ! µ & ! ij  of the Poincare group are arbitrary local fields that induce 
the compensating dynamical curved translational Bµ

k
x( )  and torsion Sµ

ij x( ) = ! Sµ
ij x( )  1-

form potentials i.e. 
 

 
B
i
curvature( ) = Bµ

i
dx

µ

S
ij
torsion( ) = Sµ

ij
dx

µ
 (1.64) 

 
The affine connection with both curvature and torsion, as independent compensating 
gauge force fields from the locally-gauged space-time translation and space-time rotation 
symmetry groups respectively, is with the additional assumption of metricity 
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where 
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The affine connection covariant partial derivatives (denoted by the semi-colon) are, for 
example, from now on 
 

 
Vµ;! " #! Vµ $ %µ!

& V&
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µ " #! V

µ + %&!
µ V&

 (1.67) 

 
Note, however, if 
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Then use 
 

 ! ;" # $" ! +
1
2

%
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(
)*

A"
ijSij! + +µ"

, - "
µ !  (1.69) 

 
The covariant 4D ÒcurlÓ or ÒcommutatorÓ is 
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The 64 components of the affine connection !µ"

#  obey the 40 constraints of metricity 

from gµ! ;" = 0 .  In this form of KibbleÕs theory, the affine connection is symmetric in the 

absence of matter fields ! . On the other hand it is not clear that this will be the case for 
exotic vacua with 
 

 ! µ" zpf( ) ~
c4

8#G
$zpf gµ"  (1.71) 

 
Because then we have an effective exotic vacuum virtual source field ! zpf that directly 

bends space-time because of the equivalence principle. 
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These are my original equations for the zero point energy induced torsion fields based on 
equations in Kibble.  The presence of torsion fields allows for inhomogeneous 
distributions of zero point energy so that this is a nonlinear bootstrap effect like 
WheelerÕs geons of ÒMass without massÓ in the ordinary vacuum without any dark 
energy. 
 
Propellantless Propulsion? 
 
Kibble points out that the effective stress-energy tensor need not be symmetric when 
there are torsion fields present. This opens PandoraÕs Box for new kinds of 
Òpropellantless propulsionÓ not found in EinsteinÕs 1915 theory of gravity in which there 
is only curvature without torsion.  The conservation equations in this case are 
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 (1.73) 

 
This would require a non-symmetric part of the metric field, which would, however, not 
affect ds2

= gµ!dxµdx! .  Whilst a non-symmetric stress tensor is sufficient for certain 

kinds of propellantless propulsion, it is not necessary for other kinds. What is necessary is 
an inhomogeneous distribution of dark zero point energy density with pressures of both 
signs consistent with w = (pressure/energy density) = -1.  That seems to require an 
independent torsion field. 
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i T.W.B. Kibble, Lorentz Invariance and the Gravitational Field, J. Math. Phys. 2,2, 
March April, (1961) 
ii Ryoyu Utiyama, Phys. Rev. 101, 1597, (1956) 
iii Invariant under the action of this global gauge group G. 
iv Scalar relative to G. 
v The dependence on the independent torsion field spin-connection components is in the 
covariant derivative of the dual b field to h. 


